This contribution is a sequel to that of the author's earlier paper, 1 where the basic nonlinear equation of motion of a vessel turning, without forward speed, under the influence of water-resistance, wind-induced torque and thruster-torque was examined. The method of approach was to transform the basic dynamical equation, relating the angular position to time, into one relating angular velocity to angular position. In this paper, a time-domain solution is sought. However, the wind-induced torque is neglected in this analysis; this enables a number of special cases to be investigated that, as in the earlier paper, 1 suggest simple trials whose results may enable some of the coefficients in the governing non-linear differential equation to be estimated. Further, the differential equation, governing the motion, is recognised to be of the Riccati type; this opens up the analysis to more complex thruster-torque profiles, for example, profiles having the mathematical form of polynomials in the time variable are examined.
INTRODUCTION
T urning vessels in confined waters, under thruster-torque, is a common operational requirement. Indeed, in many ferry operations it is done several times per day. An introduction to the analytical treatment of the motion of such an operation can be found in Carlton. 2 Building on that analysis, the author 1 developed the analytical treatment further. Both of these works considered the angular motion when a vessel is experiencing a constant thruster torque, a waterresistance torque, and a wind-disturbance torque. In Carlton, 2 the essential problem is described and the basic differential equation governing the behaviour under the above conditions, is derived. In the author's earlier paper, 1 the problem was reformulated, and the basic equation was transformed from the angular position against time representation to one involving an angular velocity against position representation. By using this transformation, some progress was made in working towards possible solutions to the equation of motion. In addition, it was demonstrated that, by examining some special cases, interesting analytical features arise. However, much more importantly, from a practical point of view, the results produced indications as to how simple experiments might help in obtaining estimates of the coefficients existing in the governing equation. Knowledge of such parameters is essential if, for example, simulations of the motion, under varying operational conditions, are to be carried out.
In this paper, this same dynamic system is re-examined, albeit without a wind-torque contribution. It is shown that, with this constraint, advances can be made in solving the equations of motion in the time-domain. Again, the expressions obtained may be useful in experiments aimed at obtaining values for the coefficients in the governing equation.
Three examples, of increasing complexity, are shown in similar style to that employed previously. 1 An interesting feature of the work is that the basic equation can be formulated as a wonderfully simple application of the Riccati technique for solving a certain class of differential equations.
The first example is simply solved, it being the condition where the thruster-torque is zero. Secondly, the case where the thruster-torque is constant is solved. In the main text, both of these solutions are found using Riccati theory, but these differential equations can be solved straightforwardly using the variables-separable technique and, for completeness, this is shown in the Appendix to this paper. The use of Riccati theory is deliberately introduced for the two cases above. The third case, that where the thruster-torque is a ramp-function, is a much more formidable task. The author has failed to discover any other analytical approach than the Riccati method in this latter case. In outline, Riccati theory transforms the non-linear equation into a linear differential equation, which can then be attacked using the Frobenius series-solution method. 4 The actual series arising are related to Airy functions, and these have been fairly extensively tabulated in the literature. 5 In effect, this treatment can be applied when the thruster-torque is, in general, a more complex function of time, eg in the form of a polynomial. Although the process is simple, in the case of polynomials the algebraic manipulation can be tedious, particularly if the polynomial has an order greater than one or two. However, it is possible to get some relief from the algebra by the use of symbolic maths packages such as Mathcad. 4 
THEORY
The figure shows, schematically, the various torques acting on the vessel about its vertical axis of turn. It is shown 1 that the differential equation governing the angular position, h, about this axis is,
where
, J is the effective moment-of-inertia about the turning axis, b is the water-damping coefficient, M p is the thruster-torque and M w is the wind-disturbance torque. Note that it is the water-damping term that makes this a non-linear equation in its homogeneous part, ie the left hand side of equation (1).
dt , ie u represents the angular velocity about the axis-of-turn. Thus, equation (1), assuming M w~0 , ie no wind-torque, becomes, du dt
The much-studied general Riccati differential equation, is,
where, P(t), Q(t) and R(t) are some arbitrary functions of t. 3 Thus, equation (2) is a particular form of this equation where P(t)~2K 1 , Q(t)~0 and R(t)~F(t). The usual procedure for obtaining a solution is to time-scale so that the coefficients, of the two terms on the left-hand side of equation (2) , and u~u
Thus a plot of measured values of t against 1 u would enable K 1 to be established from the slope of such a curve, and also u 0 from the intercept on the u axis.
Note that equation (6) may be written,
Hence,
where k is a constant. Without loss of generality, let h~0, at t~0, then ln 1 u 0 zln k~0, whence k~n 0 Thus equation (7) becomes,
Equation (6) seems a far more useful result than this particular one, provided that the velocity can be measured adequately. However, see 'Possible application of the leastsquares fitting technique' in the Appendix.
Thruster-torque is a constant
In keeping with the author's previous paper, 1 the form of the equation of interest is, du dt
where, F(t)~K 3 , (see equation (2)) This governing equation can be solved by the variablesseparable method, for when thruster-torque is a constant, given in the Appendix.
However, once again letting t~K 1 t, and then substituting u~1 u du dt , 2 as in the previous case with the ship turning and the thrusters are suddenly stopped -the following second-order, linear, constant-coefficient, differential equation results,
The well-known solution to this equation is, u~Acosh(kt)zBsinh(kt) also; du dt~k ½A sin h(kt)zB cos h(kt)
. and finally, 
Thus a measurement of this slope leads to the value of K 3 immediately. Also, in the steady-state, when t becomes large, n(t)& ffiffiffiffi ffi
This can be seen immediately from equation (9), since in the steady-state, the acceleration, du dt , will be zero. From equation (11), if it is written in the form,
then it can easily be seen that,
If at t~0, h~0 [this can be done without the loss of generality], then, of course, k~1. Thus,
where, x~ffi ffiffiffiffiffiffiffiffiffiffiffi
Once again the position-time relationship does not appear as practically useful as the velocity-time relationship. However, if equation (13) 
The thruster-torque is in the form of a ramp-function
In this case the thruster-torque is proportional to time, t, and so the governing equations may be written du dt
Proceeding, as before, by letting t~K 1 t, and then letting u~1 u (14) leads to the equation
where, in this case,
Although equation (15) 
Substituting equations (16) and (17) into equation (15) leads to, X ? n~0 a n (nzc)(nzc{1)t nzc{2 {k X ? n~0 a n t nzcz1~0
This can be rearranged into the following equation,
Now this equation must be identically zero for all orders of t. Thus taking the a 0 term, the resulting, so-called, indicial equation is, c(c21)~0, ie, c~0 or 1, and a 0 will be an arbitrary constant. If c~0, then a 1 , will be an arbitrary constant, but if c~0 or 1, the value of a 2 must be zero.
Thus there are two arbitrary constants associated with c~0, namely a 0 and a 1 , as there needs to be for a secondorder differential equation. In fact, in this example, by using c~0, both of the series generated from a 0 and a 1 , can be obtained. More generally, from equation (19), using c~0, the following recurrence formula is established. a nz3~k a n (nz2)(nz3) 
where f(t)~d f dt and g(t)~d g dt : These can be obtained by differentiating f(t) and g(t) term by term. Finally the velocity, in terms of real time, can be obtained from the fact that t~K 1 t.
It is important to note that the above analysis can be applied whenever the mathematical form of the thrustertorque can be represented by a polynomial. This comes about because the differential equation in the variable u is linear and so, in general, is soluble by the Frobenius method.
It should be remembered that the non-linear waterresisting torque is really of the form u|u|. Thus, the equation of motion has two forms, one with u 2 , if the velocity is positive, and the other with 2u 2 , if the velocity is negative. The solutions of both equations are performed in an identical fashion and can be joined together in a piece-wise way when necessary.
CONCLUSIONS
It is shown how the analytical solutions of the thrusterturning equations can be obtained in the time-domain for zero, constant and ramp forms of the thruster-torque when the wind-torque is zero.
It is shown that the Riccati method is useful in solving the differential equations of the various motions. Indeed, these methods enable the problem to be attacked when the mathematical form of the thruster-torque can be represented by a polynomial. The results from the type of analysis show that the form of the angular velocity is a function of Airy-like functions. Such functions have been extensively tabulated in the literature. 5 Suggestions are made as to how some of the results obtained could be helpful in establishing the coefficients appearing in the governing differential equation of motion.
*Such series represent transcendental functions that are closely related to, so called, Airy functions. These are extensively tabulated. 5 In using such tables it is necessary to determine precisely how the series tabulated is initially defined.
